The relation between cellular automata (CA) models of earthquakes and the BurridgeKnopof (BK) model is studied. It is shown that the CA proposed by P. Bak and C. Tang, although they have rather realistic power spectra, do not correspond to the BK model. We present a modification of the CA which establishes the correspondence with the BK model. An analytical method of studying the evolution of the BK-like CA is proposed. By this method a functional quadratic in stress release, which can be regarded as an analog of the event energy, is constructed. The distribution of seismic events with respect to this "energy"
INTRODUCTION
The dynamics of earthquake faults is receiving a lot of attention as an interdisciplinary problem, which seems to manifest a great deal of all known types of chaotic behavior. At the same time, the question whether earthquake faults are predictable is still open. Bak and Tang [1] suggested that earthquake faults seem to be physical manifestations of selforganized criticality (SOC) [2] . This observation was mainly based on the Gutenberg-Richter law logN-a-bin, (1) which relates the cumulative number of events N with seismic moment greater than the value M, to the seismic magnitude m--logM. Since M is proportional to the energy of the seismic event log E: c-dm, the logarithmic law (1) , empirically found from the earthquake statistics [3] , can be N(E > Eo) E-; a, b, c, d are empirical constants.
The power distribution of seismic events is rather nontrivial fact: from elementary thermodynamics one can expect that the density of events behaves like exp(-E/T). The power distribution found in the seismic events has attracted new attention to the SOC systems [2] for which the power-law behavior is common. Such systems are remarkable that they constantly evolve to some minimally stable state, and in this sense are stabilized in an unstable state. The simplest system which shows SOC behavior is the sand pile. Later, the same phenomenon has been observed in other complex systems and was found to go along with so-called flicker-noise, a noise with 1/fpower spectrum.
The peculiarity of the earthquakes, if considered as a SOC phenomena, is the coexistence of two aspects of the earthquake problem. On one hand, the earthquakes can be considered as a fracture propagation process in the earth's crust. The earth's crust has fractal geometry [4] and that is why the power law distribution of observed characteristics is strongly expected here [5] . On the other hand, the dynamical modelling of earthquake faults is usually performed only on a small fragment of the crack network, so locally the fault is reduced to slip and stick behavior of two Euclidean half-space domains. The dynamics of this small zoom of the fragmentating crust is introduced by the assumption that one of the half-spaces is divided into blocks connected by springs." this is the Burridge-Knopoff (BK) ansatz. The complex hehavior of the BK system [6] can by no means be attributed to the global self-similarity of crust fragmentation. However, some properties of the BK model can be extrapolated to the behavior of the rupturing media with domain larger than that of simulated flat fault. Nakanishi [8] . Starting from the equation of motion of the BK system [6] m2i kc(xi+l + Xi-1 2xi)
which determines the motion of the ith block, it is easy to express the stress (i.e. the sum of forces applied to each block of the system) before and after the event. Let xi be the displacement of ith block from its neutral position before the slip, x be its position after the slip, then the total forces exerted by this block are
before and after the slip, respectively. The stress released in event is 8f -J -f'-i (2kc + kp)(x/-xi). (5) The duration of the event (At t' t), is ignored at this stage but is applied at the final stage of CA evolution as described below.
If the force f,. exceeds the threshold value fth and the ith block makes a slip, the release of stress (5) is assumed to be equally shared between its neighbors: kc f: -+ J}: + k Sj}'2k + (6) The stress of the kp-springs is not shared. The redistribution law (6) does not follow from the dynamics of the BK system (3) the new position x[ is unknown but is believed to be physically acceptable. In Nakanishi's paper, the new after-slip value of stress f/, is supposed to obey a deterministic evolution law qS(fi --Jh)
To complete the CA cycle "the tectonic stress" is added to all blocks:
In this way the duration of a single event At becomes a parameter of the Nakanishi CA.
Referring the reader to the original paper [8] for general discussion concerning the exact form of the relaxation function qS(x) and its parameters, we just present its specific form used in our numerical simulations:
b(x) (2 5f)2/c 1.
The plot of the function (9) for specific values of the stress-gap parameter 6f= 0.01 and a number of different values of c is presented in Fig. 2 .
The one-dimensional cellular automaton with the relaxation function (9) shows the event distribution behavior which may be described as a logarithmic law (1) 
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This is in agreement with that for the BK model [7] , where MBK i(X; Xi), if/' f ,, kp(x' x).
EARTHQUAKE EVOLUTION AND CA DYNAMICS
Considering the dynamics of the cellular automata [1, 8] , one has to admit at least a few aspects in which these CA are different from real tectonic processes and even from the BK model. First, in contrast to the BK model, the CA dynamics is the dynamics of stress redistribution: no dynamical variables like velocities are included. Second, the definition of the magnitude as a difference of stresses before and after the event is not strictly adopted for these CA.
Third, one of the basic principles of the construction of cellular automata for physical applications, is the preservation of symmetry of the original physical system as well as possible. Both, Bak and Tang [1] and Nakanishi [8] CA do not meet these requirements.
We introduce a new CA which is an extension of the Bak and Tang and Nakanishi CA and takes into account these three requirements.
Investigation of the CA Dynamics
If the magnitude of a real seismic event is more or less well defined quantity the decimal logarithm of displacement measured at certain gauge distance from the epicenter then, on contrary, for the Bak and Tang CA [1] , or even for more advanced Nakanishi's [8] In the figures below the time behavior of E(t) and F(t) is presented. In our simulations we used onedimensional CA of (N-) 35 cells with relaxation function (9) . The initial configuration was given by homogeneous random distribution off.: 0 _<Ji <_ fth, 1,..., N. As it can he seen from Fig. 4(a) Fig. 4(b) . As for many other systems with avalanches, it has a saw-like behavior. The closer to the critical state, the higher the probability of the occurrence of strong event.
The comparison of Fig. 4(a) and (b) shows that the events with small E(t) amplitudes (they usually scope only a small number of neighboring cells) just locally redistribute the stress, with increasing total "accumulated stress" F(t) of the automaton.
When system is close to the critical state, a small external "push" is sufficient to initiate an avalanche mechanism.
For better understanding let us consider particular example of CA evolution starting at specially prepared initial configurations. In the example (Fig. 5) at 0 all J}(0) except for the central cell were set to l-e, where e is a small positive parameter. The value of the central cell fk(0) was set larger than for all other cells, but less than 1.
The evolution of this initial configuration is shown in Fig. 5 . Two waves originated from the center of the automaton and moving towards its edges are observed. The redistribution of stress in this process increases at each time step and reaches its maximum value at the last step, when two waves collapse in the center of the CA. When the "potential energy" F(t) gains its minimal value, the energy accumulation starts again (due to both the external "pumping", caused by the moving upper plate, and the redistribution of stress inside the system by means of small local events).
In the second example, presented in Fig. 6 , the initial states f.(0) of all cells were set to 1-. Figure 6 demonstrates that perturbations arising at the ends of CA produce two waves moving towards each other and which, after collision in the center, suppress each other.
Discrete Evolution
To analyze the dynamical properties of our CA analytically one can present its evolution in a recurrent form f(t+ 1)-(f(t),f(t-1),...), or 
where Pt (fl (t),f2(t),...,fN(t)) r denotes the state of the automaton at the time of tth iteration.
Here we consider one-dimensional CA for simplicity: two-dimensional scheme can be described in the same way. Let a(ft)-(g,(t),g2(t),. 
where e-'0 (1, 1,. .., 1)T, the superscripts 'b'
and 'e' denote 'begin' and 'end' of the event, respectively.
Taking into account (14) and the evolution law (13), we can define the "energy functional"
which allows us to rewrite the, evolution equation (13) in the gradient form (16) Since (t), which is an argument of the r.h.s, of the latter equation, depends only on the integral stress released up to the time t, but does not depend on the particular path of the CA evolution. As we will see below, the "energy functional" may be a more relevant characteristic of events, especially in twodimensional CA.
The functional U(S) can be considered as an analog of the released energy of the original BK model. In Fig. 7 we present the time dependence of U(S(t)), calculated for one-dimensional cellular automaton.
where c kc/(2kc + kp) according to (6) . Since the stress redistribution mechanism (6) is applied at each time step until all cells evolve to underthreshold values, the difference equation (12) can be iterated to express the state of the automaton at the end of the certain event in terms of its state at the beginning of this event:
Asymmetric Redistribution of Stress
The other point to be stressed here is that one of the basic principles of the construction of cellular automata for physical applications, is the preservation of the symmetry of the original physical system as well as possible. The CA of Bak and Tang [1] and Nakanishi [8] Nakanishi [8] .
parameter 7 0.25, 0.4, 0.45, 0.5. The cumulative event distribution, i.e. the number of events with the magnitude not less than a given value, which is often expected to have the form of the Gutenberg-Richter law, is presented in Fig. 8 .
As it can be seen from the picture, the asymmetry parameter 7 significantly affects the slope of the curve (the logarithm of the cumulative event number vs. magnitude). We also observe the amplitude of events to decrease with the asymmetry increasing. This means that 7 is a control parameter of the system, the appropriate choice of which can tune the system close or far from the realistic value of b in the Gutenberg-Richter law [3] .
BK-LIKE AUTOMATA IN TWO SPACE DIMENSIONS
In this section we describe the two-dimensional CA, which we construct by modifying the OlamiFeder-Christensen model [10] . The modifications are:
The stress relaxation function was taken from the one-dimensional Nakanishi CA model [8] .
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The ratio of compressive and pulling stiffnesses kc/kp,, 10 was taken in accordance to corresponding ratio of real earth crust materials. The model is made asymmetric in one space direction.
It is shown by numerical simulations that the definition of CA event magnitude, taken by many authors as a sum of stress drop (f-f'), does not give a power-like distribution of events for twodimensional automata, as it does for one-dimensional ones. In our approach, in contrast, an energy functional of second power in stress release gives feasible distributions for both one-and two-dimensions. The asymmetry, which we incorporate in our CA, turns out to be a new control parameter of the system and allows the control of the slope of the event distribution.
Let us present the model in more detail. The specific feature of earthquake faults in comparison to other strong events in continuous media, say, shock waves in gases, is that an earthquake is a relaxation of shear stress, rather than a simple compression as for acoustic waves.
The Proposed CA
A straightforward generalization of the one-dimensional Nakanishi automaton [8] to two space dimensions was given by Olami et al. in [10] . Their system is a two-dimensional array of blocks connected to each other by harmonic springs (with strength kl and k2 for two orthogonal directions respectively), see Fig. 9 redrawn from [10] . Each block is attached to the moving upper line by a spring of stiffness
The particular numerical realization of our scheme was the following:
1. Initialize all sites to a random value between 0 and fth.
from [6, p. 
343]):
Starting from some initial configuration, the masses and strings ride along the moving surface without deformation of the chain, except for segments at the ends... After some critical time, the mass nearest the end is displaced abruptly in the direction opposite to the motion of supporting surface, thereby changing the angles of the segments of the string between two end masses and the support. After this sudden motion cases, the entire system again rides at relative rest on the moving surface...
If we consider a two-dimensional system and suppose the rough material to be elastic and viscous, the velocity of rough material has to depend on the transversal (normal to 7)coordinate as well. In a discrete version the situation can be modelled as shown in Fig. 9 of [10] , where a system of blocks rests on a rough surface and each block of the system is attached to this surface by harmonic spring of strength kp, k corresponds to kc of the BK model; k2 stands for the shear stress, which was introduced in [10] for the first time. The direction of moving surface is the x-direction of the picture.
Thus kc and kp harmonic springs are exactly that of 1D BK model, while k2 stands for the additional shear stress appearing in two dimensions. To have a physically relevant model it is desirable to relate stiffness and shear strength close to the relation of rock materials. This means kl 3k2, and k/kp >> 1.
The two-dimensional model with symmetric stress redistribution k k2 and no asymmetry parameters (7 0.5) included shows potential behavior, which resembles propagation of shock waves initiated by potential isotropic sources. Such dynamics we can expect to happen for the waves irradiated by point spherically symmetric explosions: by no means such behavior resembles shear waves.
Power-Law Distribution of Events
The direct attempt to obtain the GutenbergRichter power-law distribution of events with a magnitude defined by (10) for our two-dimensional CA, gives a distribution, which is far from linear dependence in logarithmic coordinates, see Fig. 10 .
The reason for this is that the introduction of ks "shear" springs makes the relation (10) less relevant than in one dimension. To improve the situation, we redefine the magnitude of event, using the energy functional U(S). Being quadratic in stress release, see Eq. (15), this functional is less sensitive to the details of stress redistribution, but accounts mainly for the global event characteristics.
The evolution of energy functional U(S), calculated for two-dimensional cellular automaton is presented in Fig. 11 (the N-+ limit may not be appropriate in geophysics), the tree-like cascade structures evidently take place in both. Besides this qualitative similarity, as we observed in our investigation, the value of the Hurst exponent calculated over CA generated time series (see Fig. 15 ) is about h--0.6-0.7, which is close to the values obtained in field observations [12] . We attempted to construct a cellular automaton, which is as close to the existing dynamical models (usually written in the language of differential equations) as possible. We proposed an asymmetric stress redistribution CA which better fits the symmetry of the original BK model. We have also developed an analytic method which suggests a new integral characteristic of the CAgenerated event size. The next step towards the construction of the more realistic CA for the earthquake-related studies should account for the fact that seismic events are essentially shear events, and, therefore, new degrees of freedom should be incorporated in the numerical models. An analytical investigation of the problem might require some new links between dynamical models, SOC theory and phase transitions [13] .
